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THE ^“-SEMI-NORM ON UNIFORMLY FINITE HOMOLOGY 


FRANCESCA DIANA AND CLARA LOH 


Abstract. Uniformly finite homology is a coarse homology theory, de¬ 
fined via chains that satisfy a uniform boundedness condition. By con¬ 
struction, uniformly finite homology carries a canonical f^-semi-norm. 
We show that, for uniformly discrete spaces of bounded geometry, this 
semi-norm on uniformly finite homology in degree 0 with Z-coefficients 
allows for a new formulation of Whyte's rigidity result. In contrast, we 
prove that this semi-norm is trivial on uniformly finite homology with 
R-coefficients in higher degrees. 


1. Introduction 

Enriching (co)homology theories with semi-norms allows for a rich inter¬ 
action between geometry, group theory, and topology; a prominent exam¬ 
ple of this phenomenon is given by bounded cohomology and simplicial 
volume 031 . In the present article, we study the ^“-semi-norm on uni¬ 
formly finite homology. 

Uniformly finite homology is a coarse homology theory, defined via sim¬ 
plicial chains that satisfy a uniform boundedness condition, originally in¬ 
troduced by Block and Weinberger 01. Uniformly finite homology has 
various applications to amenability 01, rigidity lf2Tl . aperiodic tilings 01, 
large-scale notions of dimension llOH . and positive scalar curvature 0|. 

By construction, uniformly finite homology carries additional structure, 
namely a canonical £°°- -semi-norm (Section^. It is therefore a natural ques¬ 
tion to study which refined information is encoded in this semi-norm. 

In this article, we show that, for uniformly discrete spaces of bounded 
geometry (UDBG spaces, see Appendix [A), this semi-norm is rigid in de¬ 
gree 0 (Section [3]l : For example, the R-fundamental class of an amenable 
space has semi-norm 1, and the /'“-semi-norm with Z-coefficients allows 
for a new formulation of Whyte's rigidity result: 

Theorem 1.1 (rigidity). Let X and Y be UDBG spaces and let f: X —> Y be a 
quasi-isometry. Then the follozving are equivalent: 

(1) The map f: X —> Y is uniformly close to a bilipschitz equivalence. 

(2) For all k G N, the map Hf(X; Z) —> Hf(Y; Z) is an 

isometric isomorphism with respect to the £°°-semi-norm. 

(3) The map Hg f (/;Z): Hg f (X;Z) —» Hg f (Y;Z) is an isometric isomor¬ 
phism with respect to the £°°-semi-norm. 

The corresponding equivalence for R-coefficients does not hold (Propo¬ 
sition [331. 

In contrast, in higher degrees, the £°°-semi-norm on uniformly finite ho¬ 
mology (with R-coefficients) is trivial: 
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Proposition 1.2 (vanishing: non-amenable case). Let X be a non-amenable 
UDBG space and let k E N. Then the £°°-semi-norm on H^ f (X;R) is trivial. 

Proposition 1.3 (vanishing: amenable case). Let G be a finitely generated 
amenable group and let k E N>o- Then the £°°-semi-norm on H^ l (G; 1R) is trivial. 

In particular, the corresponding reduced uniformly finite homology with 
R-coefficients is trivial for all non-amenable UDBG spaces and trivial in 
higher degrees for finitely generated amenable groups. Moreover, the van¬ 
ishing in higher degrees shows that the f °°-semi-norm on uniformly finite 
homology is not suitable for Engel's approach to the rough Novikov con¬ 
jecture fill . 

Organisation of this article. We briefly review uniformly finite homology 
for UDBG spaces and its basic properties in Appendix [A] The f :O0 -semi- 
norm on uniformly finite homology is introduced in Section|2j The rigidity 
result Theorem [IT] is proved in Section [3] The vanishing in higher degrees 
('Proposition !! ,2l and I I .31) is treated in Section 0J 

2. The ^“-semi-norm on uniformly finite homology 

We now introduce the f °°-semi-norm on uniformly finite homology. We 
start with UDBG spaces in Section l2Tl and then discuss the case of finitely 
generated groups in Section [Z2l 

Let R be a ring with unit endowed with a norm | - | (in the sense of Defi- 
nition [7V5l) and let A be an R-module. A norm on A is a function 

|| • ||: A —» R>o 

satisfying the following conditions: 

(1) For all a E A we have ||fl|| = 0 if and only if a = 0. 

(2) For all a,a! E A we have ||fl + a'\\ < ||fl|| + ||a'||. 

(3) For all a E A, r E R we have ||r • a\\ = |r| • ||a||. 

A function || • ||: A —> R>q is a semi-norm on A if it satisfies condition (2) 
above and the following condition: 

(3') For all a E A, r E R we have ||r ■ a\\ < |r| • ||a||. 

2.1. Semi-norm for UDBG spaces. We define the R^-norm on the module 
of uniformly finite chains with coefficients in a normed ring with unit. We, 
then, have a corresponding semi-norm on uniformly finite homology. 

Definition 2.1. (f?°°-semi-norm) Let R be a normed ring with unit. Let X be 
a UDBG space and let n E IN. The £°°-norm on Cf(X; R) is defined by 

II■ IIoo : Cif(X;R) > R>o 

c x • x i —> sup |c*|. 

igX"+! *eX " +1 

The £°°-semi-norm on Hf(X; K) is the corresponding semi-norm induced 
on the quotient. More explicitly, for every a. E Hj) f (X; R), it is defined by 

IMloo : = inf {l|cL | C e Cn { (X}R), 3(c) =0, [c]}. 
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The (“-semi-norm on uniformly finite homology with Z-coefficients is 
not homogoneous, in general (Example 13.711 . Moreover, the (“-semi-norm 
on uniformly finite homology is not a functorial semi-norm in the sense of 
Gromov [14} ]T7]] (Example 13.811 . 

Proposition 2.2. Let R be a normed ring with unit. If f: X —> Y is a quasi¬ 
isometry between UDBG spaces that is uniformly close to a bilipschitz equivalence, 
then for each n G N the induced map Hff{f-,R): H^(X;R) —* H^ f (Y;R) is 
an isometric isomorphism with respect to the (“ -semi-norms. 

Proof. In view of Proposition I A. 71 it suffices to show that any bilipschitz 
equivalence induces an isometry in uniformly finite homology. Let n G IN. 
Because a bilipschitz equivalence g\ X — Y is a bijection, it induces a 
bijection 

Y«+l _ y yn+1 

(Xo,...,X n ) '-> (g{x 0 ),...,g{x n )). 

Thus, for all c = E x ex n+1 c x • x G Cjf (X; R) we have 
Cn(g;R)(c)= c g-\y)-y- 

ygyn+i 

In particular, ||C£ f (g;R)(c)|| 00 = Hc^. Therefore, |W(g;R)(a)|| 00 < I^L 
for all a. G Hf(X; R). Applying the same argument to the inverse of g 
shows that ||H^ f ( i g-;R)(a)|| 00 = ||a|| TO holds for all a G H“ f (X;R). □ 

The same definition of (“-semi-norm can be considered on uniformly fi¬ 
nite homology for general metric spaces 0). Notice that for metric spaces 
without isolated points, the (“-semi-norm is trivial in any degree in uni¬ 
formly finite homology 0 Proposition 4.2.3]. In particular, the correspond¬ 
ing reduced uniformly finite homology vanishes in any degree. 

2.2. Semi-norm for groups. Proposition 12.21 yields a well-defined semi¬ 
norm on uniformly finite homology of finitely generated groups: 

Corollary 2.3 ((“-semi-norm on uniformly finite homology of groups). Let 
R be a normed ring with unit. If G is a finitely generated group and S,T C G 
are finite generating sets of G, then the identity map idg: ( G,d $) —> ( G,dj) is 
a bilipschitz equivalence with respect to the word metrics on G associated with S 
and T. In particular, the induced map H* { (G,ds}R) —> H“ f (G, dj;R) is an 
isometric isomorphism with respect to the (“ -semi-norm. Hence, the £°°-semi- 
norm on Hf(G) R) is independent of the chosen generating set. 

Definition 2.4 ((“-semi-norm on group homology with twisted coefficients). 
Let n G N. Every chain c G C„(G;(“(G, R)) can be written uniquely 
as a finite sum of the type J2teG n ( e '^i /■•■/(«) <8> (pt, where almost all of 
the (pt G (“(G, R) are zero; we then define 

Moo : = SUpll^fL, 

teG n 

where for all t G G" the norm \\cpt is the supremum norm on (“(G, R). 
The t°°-semi-norm on H„(G;(“(G,R)) is defined for all a G H„(G;(“(G,R)) 
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b y 

IML : = inf{lkL I C G C n (G-,r(G,R)), 3(c) = 0 , a = [c]}. 

Proposition 2.5. Let G be a group and Rbe a normed ring with unit. The chain 
isomorphism p*: C* f (G;R) —> C*(G;£°°(G, R)) given in Proposition ] A. 10\ in- 
duces an isometric isomorphism : H%*(G;R) —> H*(G;-£°°(G,R)). 

Proof. We prove that the chain isomorphism p* is isometric in every degree: 
let n G N and let c = E ? eG"+i c g ■ g G Cf(G; R). Then with the notation 
from Proposition lA.IOl we obtain 


IIPn(c)|| 


(e, h,..., t„) <8> (p c ,t 

teG n 


OO 


su Plkct|L = sup sup|^ c ,f(g)| 

teG n teG n geG 


OO* 


sup sup |c g -i. (e#tl . tn) \ 

teG n geG 


Because p* is a chain isomorphism, it follows that for all a. G H“ f (G;R) we 

have ||H*(p*)(a)L = IML- □ 


For finitely generated groups, Definition lA.14l gives a notion of amenabil¬ 
ity via Folner sequences. Alternatively, amenable groups can be charac¬ 
terised through the existence of invariant means 0 Theorem 4.9.2], Let G 
be a finitely generated amenable group and let M(G) denote the set of all 
invariant means f?°°(G;R) —> R on G. Then every mean m G M(G) in¬ 
duces a transfer map 0 Proposition 2.15] 

m* = H*(id G ;m): H* f (G;R) = H*(G;f?°°(G;R)) —► H*(G;R). 

In particular, in degree 0, we obtain a map mo: H]f(G; R) —» R map¬ 
ping [G]r to 1 with 11 77 -zo 11 < 1. 

Invariant means give an alternative description of classes with trivial 
/"“-semi-norm in uniformly finite homology in degree 0 1181 Theorem 1 ]|2} 
Corollary 6.7.5]: 

Proposition 2.6 (mean-invisibility and ^“-semi-norm in degree 0). Let G be 
a finitely generated amenable group and let a. G Hg f (G; R). Then || a: || ^ = 0 if 
and only if a is mean-invisible. Here, a class a. G Hq { (G; R) is mean-invisible 0 
Definition 3.5] if 

V„ ;6M (G) *»o(a) = 0 G R. 


3. Degree 0: Rigidity 

We will prove Theorem ll.ll in Section l3dl The basic idea is to identify the 
fundamental class as the "largest" class in Hg f ( • ;Z) of f°°-semi-norm 1 
(Proposition [373]), and then to apply Whyte's rigidity result Theorem lA.121 
In contrast, we will show in Section 13.21 that the analogue of Theorem 11.11 
for R-coefficients does not hold. In Section [33l we will translate isometry 
properties of group homomorphisms into the context of ^“-semi-norms on 
uniformly finite homology. 
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3.1. Integral coefficients. As a preparation for the proof of Theorem 1 1.1[ 
we look at those classes in uniformly finite homology that can be repre¬ 
sented via non-negative coefficients: 


Definition 3.1 (non-negative classes). Let X be a UDBG-space. We then 
define 

C 0 uf ' (+) (X;Z) :=([ Cl ue C 0 uf (X;Z) 

Uex 

and we write Hg f '^ (X; Z) C Hg f (X; Z) for the subset of classes that admit 
a representing cycle in Cg f '^ + (X;Z). 

Remark 3.2. Let /: X —> Y be a quasi-isometry between UDBG-spaces. 
By definition of non-negative chains and the induced map Cg f (/;Z) we 
obtain Cg f (/;Z)(CQ f, ^ + ' ) (X;Z)) C CQ f/ ^ + ^(Y;Z); in particular, it follows 

that Hg f (/;Z)(HQ f '- + ^(X;Z)) C Hg f, ^(Y;Z). Looking at a quasi-inverse 
of / shows that 

H 0 uf (/;Z)(H 0 uf ' (+) (X;Z)) - H Q uf ' (+) (Y;Z). 

Proposition 3.3 (the fundamental class is large). Let Xbe a UDBG space. 

(1) Let a. G Hg f (X;Z) with Halloo < 1 and a ^ [X] z . Then there exists an 
element p G Hg f/(+) (X;Z) \ {0} with \\ct + PW^ < L 

(2) For all p G H Q uf ' (+) (X; Z) \ {0} we have || [X] z + j6|L > L 

Proof. Ad 1. By assumption, there is a cycle c = L xgX c x ■ a G C 0 uf (X;Z) 
representing a with | c x | < 1 for all x G X. We then consider 

6:= I](l-c x )-xGC 0 uf ' (+) (X;Z). 
xex 

So p-.= [ b ] = [X] z -« ± 0 G H 0 uf ' (+) (X; Z) and ||a + /3L = ||[X] Z L < L 
Ad 2. Assume for a contradiction that there is a j6 G Hg f '^(X;Z) \ {0} 

with || [X] z + /3||oo < 1. Let fc = E xeX b x ■ x G Cg f,(+) (X;Z) be a non¬ 
negative cycle representing p, and let c = £ xeX c x • x G Cg f (X;Z) be a 
cycle with [c] = [X] z + p and |c x | < 1 for all x G X. Thus, 


V 


xex 


Cr > 0 


o = [x] z + p~ ([X] z + p) 


E (i + fe x - c *) • * 

Lxex 


In view of the vanishing criterion (Theorem IA.13I) there hence exist con¬ 
stants C, r G N satisfying 


VfcX finite C • \d r F\ > 


E 

xeF 


by - Cy 


> 


x> 

xEF 


Therefore, the vanishing criterion implies that also p = [Lxex b x • x] = 0 
in H 0 uf (X;Z), contradicting our assumption on p. □ 


Proof of Theorem HTT1 The implication "(1) =>- (2)" is a consequence of Propo¬ 
sition [Z2l and "(2) => (3)" is trivial. We now prove "(3) => (1)": 
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Suppose that Hg f (/;Z): Hg f (X;Z) —> Hg f (Y;Z) is an isometric iso¬ 
morphism. In view of Whyte's rigidity result Theorem IA.12I it suffices to 
show that H 0 uf (/;Z)([X]z) = [Y] z . 

Let a := H“ f (/;Z)([X] z ) G Hg f ' (+) (Y;Z). Because H“ f (/;Z) is isomet¬ 
ric, we have Halloo = ||[X] z ||oo < 1. Moreover, Hg f (/;Z) induces a bisec¬ 
tion between Hg f/+ ^(X;Z) and 1 *(Y;Z) (Remark l3.21 ). Hence, Propo¬ 
sition 13.31 2) and the fact that Hg f (/;Z) is an isometric isomorphism show 
that 

ll a + ^lloo > 1 

holds for all /6 G H Llf ' !+ ) (Y;Z) \ {0}. Therefore, Proposition 13.31 1) implies 
thata = [Y] z . □ 

The inclusion i: H —> G of a subgroup H < G of finite index of a 
finitely generated group is a quasi-isometry. If G is amenable and H is a 
proper subgroup, then i is not uniformly close to any bilipschitz equiva¬ 
lence GU Theorem 3.5] (see also Corollary 13.911 . We use this to give an ex¬ 
ample of a quasi-isometry that is not uniformly close to a bilipschitz equiv¬ 
alence but whose induced maps in uniformly finite homology with integral 
coefficients are isometric isomorphisms in positive degrees. 

Example 3.4. As observed above, the inclusion i: 2Z —? Z is not uni¬ 
formly close to a bilipschitz equivalence. In particular, by Theorem 1 1.1 1 the 
induced map Hg f (z; Z): Hg f (2Z; Z) —>• Hg f (Z; Z) is not an isometry with 
respect to the ^“-semi-norm. On the other hand, we will now show that for 
all k G N>o the map H^ f (z;Z): H^ f (2Z;Z) —)• H“ f (Z;Z) is an isometric 
isomorphism with respect to the ^“-semi-norm. 

Using a "fine" (simplicial) version of uniformly finite homology QJ Def¬ 
inition 2 . 2 ], one can easily see that for k G N>i we have H^ f (Z;Z) = 0. 
Indeed, Z is quasi-isometric to a uniformly contractible locally finite sim¬ 
plicial complex of dimension 1 (namely, R with the standard triangulation). 
In particular, for all k G N>i the map H^ f (z; Z): H^ f (2Z; Z) —* (Z; Z) 

is trivially an isometric isomorphism with respect to the ^“-semi-norm. To 
prove the claim in degree k = 1 , it suffices to show that every non-trivial 
class in H]* f (Z; Z) and in H“ f (2Z; Z) has -semi-norm equal to 1 and thus 
the map H“ f (i; Z): H) lf (2Z; Z) —> H“ f (Z; Z) is necessarily an isometric 
isomorphism. 

As above, using fine uniformly finite homology, one can prove that the 
group H]* f (Z;Z) is generated by the class 7 = [E 26 Z (z,z + 1)]. In partic¬ 
ular, Hf( Z;Z) = Z. Let a G Z;Z) \ {0} and let n G Z \ {0} be such 
that tx. = n ■ 7 . From Figure[l]it is easy to see that 
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FIGURE 1. homologous chains in C“ f (Z;Z), schematically 


In particular. 


7 = 


E ( z ' z + n ) 

-ZEnZ 


Similarly, for all k £ {0— 1} we consider c := LzeuZ+Jc( z / z + n )- 
Because translation by k is uniformly close to idz, we have 7 = [cjt] for 
all A: G {0, ...,n — 1}. Thus, 


a = n ■ 7 = 


71 — 1 

E c * 

L)t=0 -I 


Clearly, for any k £ {0, ... ,n — 1} we have ] | c / f 11 ^ = 1. Moreover, the cycles 
Co,... ,c„_ 1 G C^ f (Z;Z) are supported on pairwise disjoint subsets of Z 2 , 
and so we have: 


«L = 


E c * 


Lfc=0 


= 1. 


Thus every non-trivial class in H“ f (Z; Z) has £°° -semi-norm 1. Analogously, 
one can prove that every non-trivial class in H“ f (2Z; Z) has ^“-semi-norm 1. 
Thus the map H“ f (z; Z): HJ lf (2Z; Z) —> H“ f (Z; Z) is an isometric isomor¬ 
phism. 


3.2. Real coefficients. The analogue of Theorem ll.fl for R-coefficients does 
not hold as the following simple example shows: 


Proposition 3.5. Let A := {n 1 \ n G N} C Z, and consider Z \ A with the 
metric induced from Z. Then the inclusion i: Z \A —> Z is a quasi-isometry 
inducing for all k £ N an isometric isomorphism 

Hf{ i;R): Hf( Z \ A;R) —> (Z;R), 

fcwf i is not uniformly close to a bilipschitz equivalence. 


Proof. The inclusion i: Z \ A — > Z is an isometric embedding with quasi- 
dense image, whence a quasi-isometry. Thus, for all k G N the induced 
map Hjf(i; R): H“ f (Z \ A;R) —> H^ f (Z;R) is an isomorphism. 

Moreover, H“ f (z;R) is isometric: Let a. G H“ f (Z \ A;R). Because i is 
injective, we have ]|H^ lf (z;R)(a )|| 00 < ||a:|| 00 . Conversely, let n G N>o- 
For j G {1 ,... ,n} we consider the map 


fj: Z —> Z \ A 


x 

x + j 

l -n-x-j 


if x G Z \ A 

if x £ A and x > n 2 

if x £ A and x < n 1 . 
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Clearly, /, is a quasi-isometric embedding and /, o i = id z \a- We then set 


cp* := - ■ £Cf(/ ; -;R): C“(Z;R) —► Cf (Z \ A;R). 
n ;=i 

Notice that <p* is a chain map satisfying <p* o C" f (/; 1R ) = id. The restric¬ 
tions /i| a,- ■■,fn |a are injective and have pairwise disjoint images. By 
counting pre-images and types of elements in (Z \ A) d 1 we obtain that 

M<i + —^- 

holds with respect to the corresponding f“-norms. In particular, 

/ 0 ^ + 1 1 , 

Nloo = ||Wo(<p*)°H^(i;R)(a)|| TO < (l +---) ■ ||H^ f (f;R)(a)|| oo . 

Taking the infimum over all n E N>o gives the desired estimate. 

On the other hand, Whyte's vanishing criterion (Theorem IA.13II shows 
that \xa] f 0 in Hg f (Z;Z). Hence, in Hg f (Z;Z) we obtain 

H 0 uf (/;Z)[Z \ A] z = [Z] z - \xa\ 7^ [Z]z, 

and so i is not uniformly close to a bilipschitz equivalence (Theorem I A. 121) . 

□ 


As we have seen in Proposition 13.31 in the case of Z-coefficients, for an 
amenable UDBG space X we have ||[X ] Z || 00 < 1. More precisely, since a 
non-trivial class in uniformly finite homology with Z-coefficients cannot 
have ^“-semi-norm strictly smaller than 1 , we have | [X] z k = 1. Simi¬ 
larly, in the amenable case also the fundamental class with R-coefficients is 
rigid with respect to the /:°°-semi-norm in the following sense: 


Proposition 3.6 (semi-norm of the fundamental class). Let X be an amenable 
UDBG space and let [X]r E Hg f (X;R) be its fundamental class. Then 

IPkL = 1- 


Proof By definition of the fundamental class, we have ||[X]]r || 00 < 1. For 
the converse estimate, we use an averaging argument: Let (S„)neiN be a 
Folner sequence for X (Definition lA.141) . and let to be a non-principal ultra¬ 
filter on IN. A straightforward calculation using the Folner condition shows 
that the map 


C 0 uf (X;R) 


R 


E 

xex 


lim T7T- 

n ew b n 


• E c * 


induces a well-defined map m : Hg f (X; R) —» R with m( [X]r) = 1 and 

l m ( a )| < IML- 

Hence, ||[X ] R || 00 > 1. □ 


This semi-norm rigidity of the fundamental class in the amenable case 
leads to the following examples: 
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Example 3.7. The (“-semi-norm on uniformly finite homology with Z-co- 
efficients is not homogeneous, in general. For example: In Hg f (Z;Z) we 
have 

2 ' \X2z] = \X2z\ + [X2Z+l\ = [Z]z, 

which is non-trivial because Z is amenable (Theorem I A. 1611 . So, [X 2 z] 7 ^ 0 
inHJ f (Z;Z) and || [a( 2 z]= 1 = ||[Z] z || 00 ,but 

II 2 • bC 2 z] lloo = ||[Z]z|L = 1 < 2 = 2 • IlfezlL- 

Example 3.8. The (“-semi-norm is not a functorial semi-norm on H( lf ( • ; Z) 
and H“ f ( • ;R) in the sense of Gromov |14, 17J: For example, the quasi¬ 
isometric embedding 

/: Z —» Z 



does not satisfy ||HQ f (/;Z)|| < 1 or ||HQ f (/;R)|| < 1 because 

||H; f (/;R)[Z] E || to =||2-[Z] E || M =2.||[Z] Ii S| M = 2 

>1 = III Z ML 

||H 0 " f (/;Z)[Z] z |L = ||2- [Z]zL > ||2- [Z]„L = 2 

>l = l|[Z]z|L- 

3.3. Group homomorphisms. We can translate a result by Dymarz IfTTI 
into the context of the ("“-semi-norm on uniformly finite homology in de¬ 
gree 0. In particular, we can characterise when a group homomorphism be¬ 
tween finitely generated amenable groups with finite kernel and cokernel is 
uniformly close to a bilipschitz equivalence using isometric isomorphisms 
on uniformly finite homology: 

Corollary 3.9. Let G, H be finitely generated amenable groups, let f: G —> H 
be a homomorphism with finite kernel and finite cokernel. Then the following are 
equivalent: 

(1) We have |ker(/)| = | coker(/)|. 

(2) The map f is uniformly close to a bilipschitz equivalence. 

(3) The induced map Hg f (/; Z): Hg f (G;Z) —» Hg f (H;Z) is an isometric 
isomorphism with respect to the (“ -semi-norm. 

(4) The induced map Hg f (/;R): Hg f (G;R) —> Hg f (H;R) is an isometric 
isomorphism with respect to the £°°-semi-norm. 


Proof. Notice that / is a quasi-isometry because / has finite kernel and 
cokernel. The equivalence "(Q]) <=> ((21) " is a result of Dymarz lUTl Theo¬ 
rem 3.6]. The equivalence "(ED d3])" follows from Theorem ll.il The 
implication "(|2|) => (HD" is a consequence of Proposition 12.21 The implica¬ 
tion "(HD => (HD" follows from the fact that the R-fundamental class has 
(“-semi-norm equal to 1 (Proposition l3.6D and that 


H 0 uf (/;R)([G] K ) 


ker (/)l 

| coker (/) | 


[H] k . 


□ 
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4. Higher degree: Vanishing 


In this section we will show that the i°° -semi-norm on uniformly finite 
homology with R-coefficients is trivial in higher degrees. 


4.1. The non-amenable case. We begin with the proof of Proposition lL2l 
To this end, we shrink the involved coefficients by spreading the chain over 
the space; non-amenability allows us to keep control over the £°°-semi- 
norms of the classes in question. 


Proof of Proposition 1 1 .21 We consider the double Y := X x {0,1} of X with 
respect to the sum metric 

YxY —x R > 0 

((*,;), 0 'n')) 1 —»*') +1 j - j'\, 

where d is the metric on X. Then Y is a UDBG space and 

p: Y —X X 

(*,;) 1 —> * 


is a quasi-isometry (for example, a quasi-inverse is given by the inclusion 
into the 0-factor). Because X and hence also Y are non-amenable, p is 
uniformly close to a bilipschitz equivalence (Corollary IA.17I) . Hence, for 
all k G N the induced map H} ,f (p; R): H^ f (Y; R) —> H^ f (X;R) is an iso¬ 
metric isomorphism (Proposition 12.21) . Let a. e Hf (X;R). Then 

^:=^xO + ^xleHf(Y;R) 

satisfies H^ f (p;R)(j6) = 1/2 • a. + 1/2 • a. = a and 


H, uf (p;R)(/3)|| oo =||/3| 


1 1 

-•axO + Tr-axl 
2 2 


CO 



CO * 


Therefore, we obtain Halloo = 0. 


□ 


4.2. The amenable case. Finally, we will prove Proposition ll.3l The key is 
to use the interpretation of uniformly finite homology of groups in terms 
of group homology with /'“-coefficients and to apply a vanishing result on 
t 1 -homology. 

Proof of Proposition \1.3\ We have H^ f (G;R) = H k (G; ( :CO (G; R)) and the cor¬ 
responding isomorphism is isometric with respect to the /“-semi-norms 
(Proposition 12.511 . Hence, it suffices to show that the /“-semi-norm || ■ 
is trivial on H k (G;£°°(G} R)). 

Clearly, || • < || • ||i on H)t(G;/ 0O (G;R)), where || ■ ||i is the l 1 -semi- 

norm induced from the bar complex. However, since k > 0 and G is 
amenable we know that || • ||i = 0 on H/ c (G;/ co (C; RJ): In fact, the com¬ 
parison map 

H fc (G;r(G; R)) —> Hf (G;/ 00 (G;R)) 

is isometric with respect to the ^-semi-norm and H}' (C; /“(C; R)) is triv¬ 
ial |[T6l Proposition 2.4, Corollary 5.5]. □ 
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Appendix A. Review of uniformly finite homology 

We start by recalling the category of UDBG spaces (Section I A. Ill and the 
definition of uniformly finite homology for UDBG spaces (Section lA.2l) and 
for finitely generated groups (Section IA.3II . In Section IA.41 we review the 
fundamental class in uniformly finite homology and its relation with rigid¬ 
ity and amenability 

A.l. UDBG spaces. For simplicity, we will work in the category of UDBG 
spaces. We briefly recall the definitions: 

Definition A.l (UDBG space). A metric space X is a UDBG space if it is 
uniformly discrete and of bounded geometry, i.e., if 

- There exists e > 0 such that 

V x ,yex d(x,y ) < e <=> x = y. 

- For every r £ R>o there exists K > 0 such that 

Vxex \B r (x)\ < K. 

Example A.l. Every finitely generated group equipped with some word 
metric of a finite generating set is a UDBG space. The space {n 2 | n £ IN} 
with the metric induced by the standard metric in R is a UDBG space. 
Every manifold with a Riemannian metric of bounded geometry is quasi¬ 
isometric to a UDBG space contained in it (namely the space of vertices of 
a suitable triangulation) [1] Theorem 1.14]. 

Definition A.3 (quasi-isometric embedding, quasi-isometry, and bilipschitz 
equivalence). Let (X,dx) and (Y, d Y ) be UDBG spaces and let/: X —> Y 
be a map. 

- We say that / is a quasi-isometric embedding if there are C, D £ R>o 
such that for all x, x' £ X we have 

^ ■ d x (x, x')-D< d Y (/0),/(*')) < C • d x (x, x') + D. 

- The map / is uniformly close to a map f : X —> Y if 

SUpcfy(/(x),/'(x)) < 00 

xex 

- We say that / is a quasi-isometry if it is a quasi-isometric embedding 
and if it admits a quasi-inverse quasi-isometric embedding, i.e., if 
there exists a quasi-isometric embedding g: Y —> X such that fog 
is uniformly close to idy and g o f is uniformly close to idx. 

- The map / is a bilipschitz embedding if there is a C £ R>o such that 

V x ,x'ex ^ • d x {x r x’) < dy(/(x),/(x')) < C ■ d x (x,x'). 

- We say that / is a bilipschitz equivalence if it is a bilipschitz embed¬ 
ding and if there is a bilipschitz embedding g: Y —> X such that 
/ o g = idy and g ° f = idx- (For UDBG spaces this is equivalent to 
/ being a bijective quasi-isometry.) 

Definition A.4. (category of UDBG spaces) We define the category UDBG 
as follows: 










12 


FRANCESCA DIANA AND CLARA LOH 


- The objects in UDBG are UDBG spaces. 

- The set of morphisms between two objects X and Y in UDBG is 
given by the set 

QIE(X / Y) := {/: X —> Y | / quasi-isometric embedding}/ ~ 

where / ~ /' if and only if / is uniformly close to f. 

- Composition of morphisms is given by ordinary composition of 
representatives. 

Clearly, quasi-isometries of UDBG spaces correspond to isomorphisms 
in the category UDBG. 

A.2. Uniformly finite homology of UDBG spaces. Uniformly finite chains 
are combinatorial infinite chains on UDBG spaces that satisfy certain geo¬ 
metric finiteness conditions. We consider uniformly finite chains with co¬ 
efficients in a normed ring with unit. 

Definition A.5 (normed ring). Let R be a ring with unit. A norm on R is a 
function | • |: R —> R>q satisfying the following conditions: 

(1) For all r G R we have |r| = 0 if and only if r = 0. 

(2) For all r,r' G R we have \r + r'\ < \r\ + \r'\. 

(3) For all r,r' G R we have | r ■ r'\ = \r\ ■ \r'\. 

Definition A.6. (uniformly finite homology) Let R be a normed ring with 
unit and X be a UDBG space. For each n G IN the space of uniformly fi¬ 
nite n-chains is the R-module Cf(X; R) whose elements are functions of 
type X' !+1 —> R, written as formal sums of the form 

c = J2 c *- x ' 

xex n+1 

satisfying the following conditions: 

- For any x G X" +1 , we have c x G R. Moreover, there exists a con¬ 
stant K G R>o such that 

^xeX n+1 Ic| X K 

- There exists a constant R G R>o such that: 

V x=Y 0 .x„)ex«+i sup d{xi,Xj) > R => c x = 0. 

i,je{0,...,n} 

For each n G IN, we define a boundary operator 

d„: Cf(X;R) —^ C^^X;^) 
that takes every x G X" +1 to 

n 

d n (x) = X](-l) ; • (x 0 ,...,Xj,...,x n ) 

i =o 

and is extended in the obvious way to all of C)/(X; R); this map is indeed 
well-defined. Moreover, for each nGN we have d n o 9, !+1 = 0. In this way 
we get a well-defined chain complex. The homology of (Cjf (X; R), d„)„ C [\j 
is the uniformly finite homology ofX and it is denoted by Hf(X; R). 
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Block and Weinberger J4J Proposition 2.1] observed that uniformly finite 
homology is quasi-isometry invariant: 

Proposition A.7 (quasi-isometry invariance). Let R be a normed ring with 
unit. Let X, Y be UDBG spaces mid let f: X —> Y be a quasi-isometric embed¬ 
ding. Then f induces a chain map, defined for each n € N by 

C“ f (/;R):C« f (X;R)^C“ f (Y;R) 

E Cx ' x '— > E c x -(f(x 0 ),...,f(x n )). 

xex n+1 xex n+1 

If f is uniformly close to a quasi-isometric embedding f : X — > Y, then 

Hf(/;R) = H* f (/'; R): Hjf(X; R) —> H“ f (Y;R). 

In particular, any quasi-isometry induces an isomorphism in uniformly finite ho¬ 
mology. 

In view of Proposition IA.71 uniformly finite homology with coefficients 
in a normed ring R is a functor from the category UDBG to the category Mod* 
of graded R-modules: 

H* f ( • ;R): UDBG —* Mod* 

on objects: X i—> H“ f (X;R) 

on morphisms: [/]: X —> Y i—> H?(f; R): H“ f (X;R) ->• H* f (Y;R). 

Uniformly finite homology was introduced by Block and Weinberger to 
study the large scale structure of metric spaces of bounded geometry Il4lfl91. 
One of the main applications provided by Block and Weinberger is a char¬ 
acterisation of amenability for metric spaces of bounded geometry 0] The¬ 
orem 3.1]. Whyte used uniformly finite homology to develop a criterion 
to distinguish between quasi-isometries and bilipschitz equivalences in the 
case of UDBG spaces. We recall these two applications in Section lA.4l (The¬ 
orem lAT2l and Theorem lA.161) . 

A.3. Uniformly finite homology of groups. As a consequence of quasi¬ 
isometry invariance (Proposition \Kj\ we obtain that for finitely generated 
groups uniformly finite homology is independent from the chosen word 
metric. 

Corollary A.8. Let G be a finitely generated group and let d$, dj be the zvord 
metrics on G associated to finite generating sets S,T C G. Then the identity 
map idc: (G,ds) —>• ( G,dj ) is a bilipschitz equivalence (whence a quasi-iso¬ 
metry). Thus, the induced map H* f (idc;R): H^(G,d s ;R) —* H^(G,d T ;R) 
is an isomorphism for every normed ring R with unit. 

We now recall homology of groups with twisted coefficients. Proposi¬ 
tion |AT0] shows that in the case of finitely generated groups uniformly fi¬ 
nite homology is isomorphic to group homology with coefficients in the 
module of bounded functions on the group. 

Definition A.9 (group homology). Let G be a group and R be a ring with 
unit. We consider (C n (G;R),3„) N to be the R[G]-chain complex, where 
for each n E N we have: 
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- The module C n (G; R) is the free R-module with the basis G” +1 (with 
the R[G] -structure induced from the diagonal action on G” +1 ). 

- The operator d n is the standard boundary map given by 

d n : C n (G; R) —> C n _i(G;R) 

n 

igO,---,gn) '-> E(“l) ; •(#>,■■■,#/• ■■,£»»)■ 

1=0 

Let A be a left R[G]-module and let C*(G; R) be the right R[G]-module ob¬ 
tained from C*(G;R) via the canonical involution G G, g m> g 1 . The 
homology of G with coefficients in A is the homology of the R-chain com¬ 
plex C*(G; A) := C*(G;R) ® R [ G ] 

Let R be a ring with unit endowed with a norm | • |. The space £°°(G, R) 
of functions cp : G —> R that are bounded with respect to the supremum 
norm ||<p||^ := sup ?gG (pig) has a natural R[G]-module structure with 
respect to the action 

Gxf(G,R) —>r(G,R) 

(x<p) ■—> (r- r- g' >—>■ -r'))- 

Notice that, in the case of uniformly finite homology, the simplices of a 
given uniformly finite chain are tuples in G n+1 of uniformly bounded diam¬ 
eter; therefore they are contained in the G-orbit of finitely many simplices 
of the form [e, t \,..., t n ) G G" +1 . Hence, we have 0® Proposition 2.2.4]: 

Proposition A.10 (uniformly finite homology as group homology). Let G 
be a finitely generated group endowed zvith the zvord metric zvith respect to some 
finite generating set and let Rhea normed ring zvith unit. For n G N consider 

Pn : C^{G;R) ^ C n (G-,r(G r R)) 

D c g'g 1 —> D (e, h,.t n ) ® (p c ,t 

g6 G»+i f=(ti. t n )eG n 

where for all t G G n the map cp C/t G L°°(G,R) is given by 

(pc,t- g '—> c g - i. (eA . tn y 

Then p*: C^ f (G;R) —> C*(G;£°°(G,R)) is a chain isomorphism; in particular, 
p* induces an isomorphism : H* l (G;R) —* H*(G;£°°(G,R)). 

A.4. The fundamental class in uniformly finite homology. In degree 0 
there is a canonical uniformly finite homology class, the fundamental class: 

Definition A.ll (fundamental class). Let X be a UDBG space and let R be 
a normed ring with unit. The R-fundamental class of X in H )) f (X; R) is the 
class [X]r G Hq f (X; R) represented by the cycle Yj%e_x LxG Cg f (X; R). 

We recall now a central application of uniformly finite homology, due to 
Whyte I12TI Theorem 1.1], namely a criterion to distinguish between quasi¬ 
isometries and bilipschitz equivalences in the case of UDBG spaces. 

Theorem A.12 (bilipschitz equivalence rigidity). Let X, Y be UDBG spaces 
and let f: X —> Y be a quasi-isometry. Then f is uniformly close to a bilipschitz 
equivalence if and only if Hg f (/;Z)([X] z ) = [Y] z . 
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One step in Whyte's proof is the following characterisation of the trivial 
class in uniformly finite homology in degree 0 l2ll Theorem 7.6]: 


Theorem A.13 (vanishing criterion in degree 0). Let X be a UDBG space, and 
let c = Y, xe x c x • x be a cycle in C(( f (X;Z). Then [c] = 0 G HQ f (X;Z) if and 
only if there exist constants C,r G N such that for all finite subsets F C X we 
have 


C • \d r F\ 


> 


E‘ 

xeF 


These boundary conditions are closely related to amenability; let us re¬ 
call the definition of amenability for UDBG spaces: 

Definition A.14 (amenable UDBG space). A UDBG space X is amenable if 
it admits a Folner sequence, i.e., sequence (S n ) ne \ N of non-empty finite sub¬ 
sets S n C X such that 

V ^R>o 

Remark A.15. We can consider finitely generated groups as UDBG spaces 
by endowing them with word metrics for finite generating sets. In this 
case. Definition [AT4] is equivalent to the standard definition of amenability 
using Folner sequences |7] Definition 4.7.2], 

Whyte used the vanishing criterion Theorem lA.13l to provide a new proof 
of a characterisation of amenability for UDBG spaces l!2~T[ Theorem 7.1]. The 
original result is due to Block and Weinberger [4] Theorem 3.1] and it is one 
of the key applications of uniformly finite homology. 


Theorem A.16 (characterisation of amenability). Let Xbea UDBG space. The 
following are equivalent: 

(1) The UDBG space X is non-amenable. 

(2) mhaveHf(X-\ R) = 0. 

(3) We have Hg f (X;Z) = 0. 

(4) We have [X] z = 0. 

Theorem [AT2] and Theorem I A. 161 imply the following rigidity result for 
non-amenable spaces: 

Corollary A.17. Any quasi-isometry between non-amenable UDBG spaces is 
uniformly close to a bilipschitz equivalence. 

This answered a question originally stated by Gromov fl5l . which was 
answered by several authors using different tools Il6ll20l[8l. 
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